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Abstract. We consider a second-order elliptic equation in divergence form that is non-
uniformly degenerating at infinity. Conditions on the coefficients of the equation are found
that ensure the validity of the Phragmén-Lindelof principle for its solutions. This paper
investigates the qualitative properties of solutions to second-order elliptic equations
characterized by non-uniform degeneracy. We establish an analogue of the Phragmén—
Lindelof principle, asserting that the asymptotic behavior of solutions at infinity is strictly
governed by the local characteristics of the ellipticity degeneracy. By employing estimates
for the Green's functions and analyzing the capacitative potential of the underlying sets, we
derive structural conditions on the weight functions w(x). It is shown that for solutions
whose growth is below a critical exponential order, the maximum principle remains valid in
unbounded domains. Furthermore, the results demonstrate that non-uniformity in the
degeneracy leads to a significant narrowing of the uniqueness class compared to the
classical uniformly elliptic case.
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Lindelof principle, Greens function.

AMS Subject Classification: 35J67, 35J25, 35D40, 35J70.

1. Introduction

Let E,, be an n-dimensional euclidean space of points x = (x4,...,x,),n =
3 D is an unbounded domain in E,, with boundary dQ € C2. Let us consider the

equationin D
n

0 0
Lu(x) = z a_aci(aij(x) %) =0 @Y

ij=1 7
assuming that for x € D and ¢ € E, the condition holds
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Here y € (0,1] is a constant, ||a;; (x, t)|| is a real symmetric matrix,
2

“1(p =
100 = (U B2 = 1) = )
i=1

Herewith w;(t),i = 1,...,n are strictly monotonically increasing functions
for t € [0,00) ast - +oo,w;(t) > +oo,w; 1(t) are functions inverse to w;(t)
and thereexistp > 1,q > nand A > 0 such that for sufficiently large R and for
i =1,...,n, the following holds:

p-w;(R) < w;(2R) < 2- w;(R), 3)
w;'(R)
-1 q—-1 t ' q
(‘”i R(R)> . J <wlT(T)) dt < AR. (4)
0

The question of the behavior of solutions of second-order elliptic equations
in unbounded domains has been studied by many authors. In this work, we apply
the growth lemma to prove theorems of the Fragmen-Lindelof type. In the case of
uniformly elliptic equations, a proof of a similar fact can be found in [7, 8, 9, 10].
Regarding equations with uniform degeneration, the works [5, 6, 4] can be noted.
We also point to the works [11, 3, 2] for a one class of elliptic equations with non-
uniform power degeneration at a point.

Conditions in some notations and definitions. Let W, ,(D) denote the

Banach space of functions u(x) defined on D for which the norm

1/2
n
ellyz, o) = f <u2 + Z,li(x)uiz)dx
i=1

D
is finite, and let W, (D) denote the completion Cg° (D) with respect to the norm of
the space W, (D), where u; = Z—Z,/l = (41(x), ..., 4, (x)). Denote by W, (D) the
conjugate space of Wp‘\j(D), where p > 1 and %+ % =1. It is known that

Wp‘j(D) consists of generalized functions defined in D, which are the first
derivatives of functions from L,-(D). By M,(D) we denote the space of functions
satisfying the uniform Lipschitz condition in D and vanishing near aD.

o

Definition 1. We say that a function u(x) € sz,l(D) is nonnegative on a set
E inthe L, (D) sense (or almost everywhere) if
mes {[x:u(x) < 0] NnE}=0.
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Definition 2. We say that a function u(x) € W21,,1(D) is honnegative on a set
E inthe L, (D) sense (or almost everywhere) if there exists a sequence of functions
Uy (x) € My(D) such that u,,(x) = 0on E and
nlll_l:fgo”um - u”wzl‘l(p) =0.
Obviously, these two definitions are completely different: the first is
meaningless for a set E of measure zero, while the second may be meaningful for

such a set E. It is easy to see that if a function u belongs to the space Wplll(D) and
is non-negative on the set E in the sense of Wpl, 1(D), then it is non-negative almost

everywhere on the set E. If a function u(x) belongs to the space Wpl,l(D) and is
non-negative almost everywhere on the set E, then it is non-negative in the sense of

Wpl, 1(D) on any subset E that is a positive distance from 0E.

The first property follows from the well-known theorem on the uniform
convergence of a sequence of functions that converges in L,(D). The second
property follows from the theorem on approximation by mean functions of

elements W;A(D). By analogy, other inequalities can be defined in terms of

W, (D), for example u(x) = const,u(x) < 0andu(x) = v(x) onE.
Letu(x) € L,(D),p € (1,),k > 0 be a number. The function
ke fu() if ulx) <k,
@)} = { ko if u(x) >k
is called the k truncation of the function u(x).
We will give a few simple statements.

Lemma 1. If u(x) € W,,(D) and k>0, then {u(x)}* € w,,;(D)
and if u(x) = 1 on E in the Wpl,,l(D) sense, then {u(x)}* = 1 in the same sense.

Lemma 2. The set of functions u(x) € W,,(D) such that

[

u(x) = 1 on E in the sense of W, (D) is a convex closed set.

Definition 3. Let us say that the function u(x) € Wzl_,l(D) is non-negative
on dD in the sense of Wzl’A(D) if there exists a sequence of functions u,,(x) €
C*(D) such that u,,(x) = 0 on dD and

rlll_r)r;ollum - u”Wzl,/l(D) = 0.
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Lemma 3. Let u(x) € W;A(D) and u(x) <0 in dD in the sense of

W3 2(D). Then, for any k > 0, (u(x) — {u(x)}*) € W, (D) .
Definition 4. Let f(x) € L,(D) be a given function and ¢(x) € Wzl',l(D).
The function u(x) € Wzl,,l(D) is called a generalized solution of equation

Lu = f(x), (5)
in D if for any v(x) € W21,,1(D) the integral identity

f i a;j(x)u;vjdx = —f zn: f(x)-v(x)dx (6)

D ij=1 D ij=1
holds.
If, in addition,

u(x) — (x) € W;,(D), (7)
then the function u(x)u(x)u(x) is called a generalized solution of the first boundary
value problem (5), (7).

Definition 5. A function u(x) € Wzlj"C(D) is called a generalized local

solution of equation (1) in D if for every function v(x) € C1(D) with compact
support in D the integral identity

f zn: a;j(x)uvjdx =0 €))

D ij=1
holds.
Definition 6. A function u(x) € Wzlll(D) is called L-subelliptic in D if for

every nonnegative function u(x) € Wy, (D) the inequality

n

f Z a;j(x)u;vjdx <0
D Lj=1
holds.
If u(x) is L-subelliptic in D, then the function —u(x) is called L-
superelliptic in D.

Let us denote R > 0,k > 0 and x° € E,, by E;’{O(k) -ellipsoid

i=1
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Iy, (x°)-parallelepiped . The notation means that the positive constant ¢ depends

only on the contents of the brackets. Let, furthermore, % <Sp<p <1, E,’{o (p) c
0efpo (L
D, x°eE(; ﬁ).
Lemma 4. For any generalized local solution u(x) of equation (1) in D, the
following holds:

n
c;(y,A,n)
OO dy < AT f 2
f le(x)ul dx < o =) R 0 u“dx. 9
Ex (p)

Proof. Let y¥(x) € C5° (E}’?‘O(p‘)),o <¥Y(x) <1, such that Y(x) =1 in
EZ’(p) and

| <— Cz(n)_l ’

(p"—p) w;"(R)

l; i=1,..,n (10)

Set v(x) = u(x) - Y?(x) in the integral identity (8). We obtain:

n

z": a;j(Ougu; Ppidx = =2 f wp - Z a;;(Oupjdx <

B () M By YT
n 2 n 2
<2 f|u|'¢' Zaijuiuj . zaij(x)l/’il/’j dx.
=1 ij=1

EX’ ()

Now, using which holds for any & > 0 the inequality 2ab < - a? + i - b?

. 1
with € = - we conclude:

n

'[ Y- zn: a;; (X ugu; dx =% f P2 - Z a;; (ugu; dx +

PSR i,j=1 0, . i,j=1
By Y ) Y

n
+2 f uz ) Z aij(X)lpil/)j dx.
E}’go(p‘) i,j=1
Taking into account conditions (2), we obtain:
n n
z Li(ufdx < 4y~2%- f u? -z/’li(x)lpf dx. (11)
i=1

0 [ i=1 0, .
EE (p) " E% ()
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If x € E,’{O(p‘), then fori =1, ..n, |xi — xi0| <pwilR) <w;l(R),ie.
;| < [x?| + |x; — x?| < 2071 (R), Thus,
n

n

p(x) = Z w;(|x;]) < Z ; (2w;1(R)) < 2nR.
i=1

i=1
On the other hand, the integral on the right-hand side of inequality (11) is

actually taken over the set E,’;,‘O(p‘)\E,’{O(p). It follows that xEE,’{O(p), i.e.
x € E,’{o G) Then there exists iy, 1 < iy < n such that:

1
X; > — a) R
| ip — | 2\/5 ( )
At the same time, forany i, 1 <i<n
1 _
|xlo| = 4\/5' wiol(R)
Therefore,
1
0 0 -1
|xi0| = |xi0 _xio - |xi0| = 4‘%' wio (R)
and thus,

p0x) = Zw (1) = @, ( o (R)>.

Let [ be the smallest natural number for which 4172 > n, i.e.
From condition (3), we have:

S St C R EE

>27 w; <4\/l_ (R)) >27t-R.

Thus, p(x) = c3(n) * R.
We obtainfori =1,...,n

“1(R + 2nR)\’ “1(R)\
A (x) < <%ﬁ3;)> < cu(n) - <wl R( )> . (12)
Using (10) and (11), we conclude

n
4y=2.c2-n-c,
Ai(x)uf dx < - f 2dx.
j Z A R P e

X (p) =1 E5°(p)
Lemma 4 is proven.
Set
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Mrp () = {x: |1x; =yl < B-w;*(R),i = 1,...,n},
wherey € Ep, > 0,R > 1. Lety € I 1(0),
‘4

M. (¥) = {x: |x; = yil S wi'(R),i = 1,...,n},

1
Mx'(y) = {x : Ea)i_l(R) < |x;—yil <wjl(R),i=1, n}
It is obvious that Iz (y) c Ig.;(y). Let us make the substitution z; =

ﬁ, i =1,..,n. ThenII; () will be compact

1
M) = {x: 507" ® < -yl <0 (R 1= 1, . }

Here ¥ is the image of the point y. Next, x € lIz*(y) and i = we
have:

200 = (w:lm + p(x))>2 _ [wfl(R + 22=1wk<|xk|))r
‘ R+ p(x) R + ¥i-q wr(Jxx )
_ Lo (R + Sy (0 ®) - )] (13)
R+ 3R wk(0*R) Uz NP
where z € Iz (7). On the other hand, if t € (0,1) and the natural number [ is such
that 27!=1 <t < 27!, then for i = 1, ..., n. According to condition (3)

1
w;(tR) = Ewi(zm) > 271w (2%1tR) >
t
> 2_1_1(1)i(R) => E(A)L(R)

Itis easy to see that a similar estimate holds fort =0andt = 1. Thus,

R+Zwk(wk (®) lzl) 2 R+ Z|zk| wi (0 (®) =

—R+ 2Z|zk|
-1 (R + z wr(wi*(R) - Izk|)> > w{l( g ZIZ;J) (14)

k=1
Butfork=1,..,n

1
.

NIH
4>|H

|z | = |zx — Pl — |Pk| =

Therefore, from (14), we conclude:

r (R + i wi(wi (R)- |zk|))]

k=1

2
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> [w;l (R + %)]2 > c5(n) - (w7 '(R))

Similarly, fork =1, ...,n

2

(15)

|z | = |zg — yi| + |yl <1+

NI
SIS

We obtain:
2

n 2 n
R+ Z wr(wr*(R) - |zk|)] < <R + Z Wy Gw,;l(m)) <

k=1 k=1

2

< <R +2- z Wy (w,;%R))) = (R+2nR)? < cs(n)-R%.  (16)

k=1
Using (15) and (16) in (13), we arrive at the estimate:

w;l(R))z

R (17)

2i(x) = ¢;(n) <
ifxelly"(y)andi =1,...,n.
This proves that for x € Iz (y),R = 1 and i = 1, ..., n, estimates

-1 2 -1 2
cg(n) - <wi R(R)> < Ai(x) < cg(n) - <wi R(R)> . (18)

In any limited subdomain of the domain D, equation (1) is not degenerate.
Therefore, for its solutions in this subdomain, the a priori estimate of the Holder
norm and the Harnack-type inequality hold.

Theorem 1. The first boundary value problem (5), (7) is uniquely solvable
in space W, (D) for all p(x) € W, (D), f(x) € Ly(D).

Theorem 2. If u(x) € Wzll,l(D) is an L-subelliptic function that is non-
positive in the sense of Wzl,A(D) sense on dD, then u(x) is non-positive almost
everywhere in D.

Let h(x) be a function continuous on the boundary of aD. We will seek a
solution to the Dirichlet problem

Lu=0,x € D,ulzp = h. (19)

If h(x) is the trace on aD of a function h(x) € W, (D), then Theorem 1

provides a solution u(x) € WZI'A(D), which is locally Holder continuous. The

o

solution assumes boundary values in the sense of u — h € W21,,1(D). Let us denote

by ;% the factor space Wy, (D)\W;-, (D), equipped with the norm

||h||,[1,2 = _ max

-
R-ReW},; (D) | ||W21"1(D)
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Let us denote the continuous linear mapping ri'z in WZ{A(D) by the formula

u = Bh (20)
By Theorem 2, if h(x) is bounded on @D in the WZ{A(D) sense , then
minh(x) < min Bh < max Bh < max h(x), (21)
oD D D oD

where r%%xh (rgli)n h(x)) denotes the maximum (minimum) of numbers y such

that h < y(h = ) on aD in the sense of W, (D).
By virtue of (21) and Lemma 4, we obtain
BRIl < c10(y, D) - max|hl, (22)

where
1/2

n
gl = sup 8( D" [ 2Gogiax | +maxlgl,
DcDh = D

& -is the distance between D" and aD.

Consequently, Bh is a linear mapping from the subset B;'Z of functions from
Ti’z that are bounded on aD (in the sense of Wzlll(D)) into the space of functions
with a finite norm || |ul]l.

Since any continuous function h(x) on dD can be approximated in the
r%%xlhl norm by functions smooth on any set containing D, the set B}'Z is dense in

the space of functions h(x) continuous on dD with the norm n%%xlhl. Therefore,

the linear mapping u = Bh, considered on the set of functions from ri'z that are
continuous on @D, can be extended to the entire space of functions continuous on
dD. The mapping obtained in this way will still be denoted by

u = bh.

It associates to each function h(x) continuous on dD a unique function u(x)
such that

llull < co.

It is easy to prove that the function u(x) is a local solution of the equation
Lu = 0. Thus, we have proved the following theorem.

Theorem 3. There exists a mapping Bh that associates to each continuous
function h(x) on aD a local solution u(x) of equation (1), such that if h(x) is the
trace of a function from C!(D), then u = Bh coincides with the solution in
Wzl’A(D). Moreover, equalities (21) and (22) hold.

2. Boundary value problem and regularity
Our goal is to investigate whether u = Bh assumes the boundary value h(x).
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Definition 7. A point y € aD is called regular if for any function continuous
on dD, the equality

lim u() = h(). (23)
XED
holds for the generalized solution u = Bh. If there exists at least one continuous

function h(x) on aD for which (23) is not satisfied, the point y is called irregular.
Lemma 5. If at a point y € dD equality (23) holds for u = Bh for any
continuous h(x) € 73, then y is regular.
Proof. Let h(x) € C(dD). For any € > 0, there exists a continuous function
he(x) € Ty% such that

|h(x)—hg(x)|<§ in aD

Let u = Bh, u, = Bh,. By the maximum principle (21), |u — u,| < § in D.
From (23), it follows that there exists a neighborhood N, of the point y in D such
that

€
lhe(y) —u(x)] < 3 for x € N,.

Then

|h(y) —u@)| < |h(Y) = he )] + [he (V) — u (O] + Jue(x) —ulx)| < ¢
for x € N, so that y is regular.

Definition 8. A function v, (x) € WZfA(D) is called a barrier at a point
y € aD, if

1) L(vy) = 0in D in the sense of the definition W, (D);
2) forany p > 0, there exists a number m > 0 such that v, (x) > m in the

W, ,(D) sense on the set {x: x € D, |x —y| = p};
3) v, (x) is continuous at the point y, and
9161_1,51, vy(x) = vy(}’) = 0.
X€D
Condition 3) makes sense, because by virtue of 1), the function v, (x) can be

defined at any point of D and is continuous in D.
Lemma 6. A point y € dD is regular if and only if a barrier v, (x) exists at

Proof. If y is a regular point, then the function
vy = B(lx —yl)
is a barrier, since the function |x — y| € r;'z is continuous on dD. Suppose now
that a barrier v, exists. Let h(x) be any continuous function in r/%’z and u = Bh.
For any € > 0, there exists p > 0 such that
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Ih(x) — h(y)| < ;

when |x — y| < p, x € dD. Moreover, the function h(x) is bounded, so |h(x)| <
M on aD. Since vy, (x) = mas |x — y| = p, then

e 2M
h(}/) + E + FU},(X) — h(x) >0
on aD in the W, (D) sense. By Theorem 2,

g 2M
ulx) < h(y) + 2 + va(x).
Similarly,

ulx) < h(y) — £_ ﬂv (x).
2 m Y
Since vy, (x) - 0 if x - y, we can find a neighborhood N, of the point y
such that
E'm
2M - vy, (x) < — for x € N,
Then
lu(x) —h()| <e¢ for x €N,
and (23) holds for the continuous function h € r}'z. Therefore, by Lemma 5, the
point y is regular.

Lemma 7. Let D' be a subdomain of the region D and y a common boundary
point of D and D'. Suppose also that for some ball Q(y, p) = {x: |x — y| < p} the
equality

DN Q(y,p) =3D N Q(y,p)
holds. Then y is a regular boundary point of the region D if and only if it is a
regular point of the subdomain D',

Proof. First, suppose that y is regular with respect to D'. We want to show
that v, = B(|x — y|) is a barrier in D.

It is clear that this function is bounded. Therefore, v, (x) < c¢11]x —y| on
oD’ — (0D n aD"), where c;; is some constant. By the maximum principle (21),
0 < v, (x) < c11° v, (x), Where v,"(x) is the corresponding function B'(|x — y/|)
in D", Since y is regular with respect to D, then v, (x) » 0 asx — y.

Consequently, v, (x) — 0 as x — y and v,,(x) is a barrier.

Now suppose that y is regular with respect to D. Define the sets

E, = (Ex\D) N Q(y,p) and D, = En\Ep-

Let E c D be acompact set, and let

U= {pXx): o) € Wzl,A(D),go(x) > 1 on E in the sense of Wzlrl(D)}
We consider for ¢ € U the following functional:
47



PROCEEDINS OF IAM, V.15, N.1, 2026

n
D, (¢) =f Z a;j(X)p;p; dx.
D i,j=1
The inf D; () is called the L-capacity of the compact set E relative to the
L
domain D and is denoted by cap(D)(E). The L-capacity of the compact set E

relative to E,, is simply called its L-capacity and is denoted by cap; (E).
Theorem 4. There exists a unique function u(x) € U such that D, (u) =

CapL )(E) Moreover, u(x) = 1on E inthe W, , (D) sense.
Proof. The proof is carried out as follows: from the convexity and
closedness of the set U, the convexity of the functional D, (¢), and the fact that the

space Wzlll(D) is a Hilbert space, it follows that the extreme function u(x) exists

and is unique. Furthermore, u(x) =1 on E in the sense of Wzl_,l(D), then
fu)} =1 and {u(x)}! € U, D,({u}') < D, (u). From this we conclude that
D, ({u}') = D, (u) and, due to the uniqueness of the extreme function {u}! = u,

i.e. u(x) = 1 on E in the sense of W (D).

Definition 9. The function u(x) that minimizes the functional D, (¢) on the
set U is called the capacitary potential of the compact set E.

Lemma 8. Let u(x) be the capacitor potentlal of the compact set E. Then, if

p(x) € WU(D) and ¢(x) = 0 on E in the sense W“(D) then

f Z a;j(x)u;pjdx = 0. (24)

D i,j=1
Proof. Fix an arbitrary € > 0 and consider the function v(x) = u(x) + ¢-
@(x). Itis clear that v(x) € W5 (D) and v(x) = 1 on E in the sense Wy (D).
From this, it follows that v(x) € U and

n n

J Z a;j(x) - (u +e@;) - (uj + £<pj) dx > f Z a;j (x)u;u; dx,

D iLj=1 D iLj=1

n n

2 _[ Z a;;j(x)u;p; dx+ej Z a;j(x)p;p; dx.

D Lj=1 D iLj=1
Now it is sufficient to let ¢ tend to zero, and the inequality (24) is proven.
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From Lemma 8, it follows that the capacitary potential u(x) of the compact

set E is an L-superelliptic function in D, equal to 1 on E in the sense Wzl',l(D).
Moreover, in (24) instead of ¢@(x), one can take any function from C1(D) with
compact support in D\E. Then u(x) is a generalized solution in D\E of the first
boundary value problem
Lu=0,x € D\E,
ulag = L ulap = 0.

Definition 10. Let u(x) be a measure of bounded variation on D. A function

u(x) € L;(D) is called an L,-solution of the equation Lu = —u(x), equal to zero

on aD, if for any function (x) € W, ,(D) n €(D) from such that Ly € C(D), the
integral identity

fu-L(pdx=—fg0du
D D
holds.

According to Theorem 1, there exists a linear continuous operator
G: W, (D) » W5, (D) such that for any functional T € W, (D) the function

u = G(T) is the unique generalized solution from sz,l(D) of the equation Lu = T.
The operator G is called the Green's operator.

It is easy to see that u(x) is an L,-solution to the equation Lu = —u in D,
vanishing at oD, if and only if, for any function ¥ (x) € C(D), the following
identity

[ wwar=- [ cpran (25)
D D
holds.
Remark. Let u(x) € W,,(D) and for any function ¢(x) € W, (D) n C(D)
with Lo € C(D), the integral identity

| Z iy sy dx = [ g d (26)

D iLj=1 D
holds.
Then the function u(x) is an L;-solution of the equation Lu = —u, equal to
zeroon dD.
Indeed, let ¢ = G(3), where ¢ € C(D). According to (26), we have
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n

fut/)dxzfu-updx:fu- Z%(aij(x)g—;g)dx:

D D D i,j=1
. ou 0
- _ RN P
_ f Z @) 3 e &
D Lj=1
= —f pdu = —f GQY)du, (27)
D D

and the required assertion follows from (25).
On the other hand, from (27) it follows that

n

fqodu Sf Z a;j(xXu;p;|dx <

D D |ij=1
1/2 1/2

n n
< IZ a;;(x)uu; dx . fz a;j(x)p;p; dx <

D ij=1 D ij=1

N 1/2 1/2

n
<yl f 2;(0)u? dx : f Z A;(xX)p? dx <
D i=1 D ij=1
< y_l ' ”ullwzl'/l(p) ' ”§0”W21/1(D) = C12(% Tl) ' ||(P||W21/1(D)
The mapping u — u determines the operator G *, the adjoint of G, i.e.,

u=G"(w.
Since G(W,3(D)) c C(D) and G* are defined on the space adjoint to

G(W, (D)), it is understood that G* is defined for all measures u of bounded
variation, and the range of the operator G* lies in the dual of Wp‘,,% (D).

Thus 1 € W; 1 (D). This proves the following:

Theorem 5. An L, solution u(x) of the equation Lu = —u in D, vanishing
on D, belongs to the space W, (D) if and only if u € W, 1 (D) .

We will now show that a weak solution can be approximated by weak
solutions of equations with continuous coefficients.

Let us take a family of functions d(x) possessing the properties:

1) ds(x) € C*(En),

2) ds(x) 20,

3) dy(x) = 0for |x| >3,

4) fEn d;(x)dx = 1.
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We set

n
d ou
L)y = Z I O
u 4 6xi <al] (x) 6x]
i,j=1
where

a0 = [ ey -dy.
En
We consider the coefficients of the operator L to be extended into E,\D as
follows:
a;j(x) = 8;;4;(x), i,j=1,..,n
Clearly, the operators L) are uniformly elliptic, since ag;)(x) € C°(Ep).
Furthermore, let ug(x) be the Friedrichs mollification of the function u(x) with
parameter s > 0.
Theorem 6. Let 4 be a measure of bounded variation on D, and let us(x) be
an L, solution of the equation L&)u, = —u in D, vanishing at dD. Then there exist
p1(y,n) > 1and q,(y,n) > 1 such that the sequence {us(x)} converges to the L,-

solution u(x) of the equation Lu = —u in D, vanishing on dD, weakly in WI},A(D)
and strongly in L, (D), provided 1 < p <p;, 1 < q <q.

Definition 11. Let y be an arbitrary fixed point in D. The function g(x,y),
which is an L -solution of the equation Lg = —&§(x — y) in D, vanishing on dD, is
called the Green's function of the operator L in D.

Here §(x) is the Dirac generalized function.

From this definition, it follows that if ¢(x) € W;,(D) is a generalized

solution of the equation Ly = —y where 1 € C(D), then it can be represented in
the form

o) = f gx,y)e(x) dx. (28)

D
Theorem 7. For every measure p(x) of bounded variation on D, the function

u(x) = f 9(y) du) 29)

D

is finite almost everywhere in D and is an L,-solution of the equation Lu = —u in
D, vanishing on dD.
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Proof. Let (x) = 0,9(x) € C(D), and let ¢(x) € W;,(D) be a
generalized solution of the equation Lo = —y in D. Then ¢(x) € C(D), since dD
is a smooth surface and the boundary function is zero. By the maximum principle,
@(x) = 0in D. Moreover, the representation (28) holds for it. Thus, the integral

1= [ o@Iane) = f du(y) f 9GP dx

D
exists. By Fubini's theorem, taking into account (28), we obtain

1= [ weodx [ g ydu) = [ ueopeodx
Hence 7 7 ?

[ wwax= [ wdu= [ capran,
D D D
i.e., according to (25), the function u(x) is an L;-solution of the equation Lu = —pu

in D, vanishing on dD.

Theorem 7 is proven.

Theorem 8. Let u(x) and v(x) be measures of bounded variation on D, and
let the functions u(x) and v(x) be L;-solutions of the equations Lu = —u and
Lv = —v in D, respectively, vanishing on dD. Then

[ wdv = [ viu= || gt yaucoave)
D

DXD
This statement follows from Fubini's theorem.

Now let u(x) be the capacitary potential of a compact set E < D. Then, by
Lemma 8, for any function ¢ (x) € C5°(D), ¢(x) = 0 on D, the inequality
n
f Z a;j(xX)u;p;dx =0
D ij=1
holds.
Consider the functional
n
10 = [ Y ayeupax
D ij=1
By the Riesz representation theorem (Schwarz's theorem), there exists a
measure u(x) of bounded variation on D (with support in E) such that
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n
1) = [ 3 ayCoupydx = [ gdu. (30)
D ij=1 D
But u(x) = 1 on E in the W;,(D) sense. Therefore, the support of the
measure u(x) is located on 9E.
The measure u(x) is called the capacitary distribution of the compact set E.

It is clear that the capacitary potential u(x) of the compact set E is an L,-solution
of the equation Lu = —p in D, vanishing on dD. Therefore

uG) = [ 9t )du)
D
On the other hand, since u(x) = 1 on E in the W, (D) sense, there exists a
sequence {@,, (x)} such that ¢,,(x) € My(D), p,(x) = 1 on E and
T}li_r)réollgom - u”Wzl,l(D) = 0.
Let us write equality (30), substituting the function ¢ (x) for ¢,,(x). Taking
into account the inclusion suppu(x) c E, we have

n

f Z a;j (Ou;(pm)jdx = f Pmdp =

D ij=1 D

= f Pmdp = f Pmdm = f du = pu(E). (BD)
D E E
Passing to the limit as m — oo and using that

n
f Z a;j(x)uudx = capED)(E),
D iLj=1
we arrive at the equality
cap{” (E) = u(E). (32)

It is known that for an operator L with coefficients from C* (D), the Green's
function is non-negative and g(x,y) = g(y,x). Using limiting arguments, these
facts are easily extended to any non-uniformly elliptic operator L.

Since, according to Theorem 6, the Green's function of any non-uniformly
elliptic operator L can be approximated, we will first consider only the operator L
with coefficients from C* (D). Then, as is known, for x # y the function g(x,y) is
continuous in x and y and

lim g(x,y) = +co.
x-y
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Consequently, y is an interior point of the set J, = {x: g(x,y) = a}, where a
for some positive number a.
Consider the capacitary potential u(x) of this compact set J_a. It is clear that

uG) = [ 9@ dv ),
D
where v, (x) is the capacitary distribution of J,. Moreover, the function u(x) is

continuous at interior points of J, i.e. suppv,(x) € d/,. Thus

1= [ 9@ ydvi.
a]a
On the other hand, for z c dJ,, g(z,y) = a. Therefore, taking into account
(32), we obtain

cap}” (Ja) = — (33)
Lety € IT_ 1(0), and we assume R is Iarge enough that ITx., (0) < D and
yellz
‘4
= xean (x Y):

From the maximum principle, it follows that ., (y) € J,, and from (33),
we conclude
1

1
cap;” (Mg () < cap;”Uo) = = = & GY
Similarly, if
b= sup g(xt),
x€0lR:1 (¥)
then Mg. (y) 2 Jp, Where J, = {x : g(x,y) < b}. Therefore
P(m < cap® () =~ = ! 35
cap(” (I15s ) < eapf” ) = § = s, (35)
xeaan()’)

From (34)-(35), it follows that

-1
9oy < (cap? (s ) < sup gCoy). (36)

xeanR 1(y) x€0M R4 (¥

But according to the Harnack-type inequality,

sup  g(x,y) <ci3(y,n)-  inf  g(x,y). (37)
x€8M g1 (V) x€0MR.1(¥)

Now, from (36)-(37) for x e 0.1 (y), we obtain
-1

i3 (CapL )(HR 1()’))) <gxy)<cpyz- (CapED)(nR:l(y))> . (38)
Thus, the following is proven:
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Theorem 9. If conditions (2)-(4) are satisfied for the coefficients of the
operator L, and y €Il 1(y),x € dllg.;(y) then for sufficiently large R, the
‘4

estimates (38) are valid for the function g(x, y).
Let us denote by L, the model operator

L _Zn 0 (/1 a)
0 — . 1axi i(x)axi .
=

According to (2), for any compactset E c D,
y - cap(s (E) < cap{”(E) < y~* - cap;" (E). (39)
Setting D = E,, and denoting the function g(x,y) by G(x,y) (in this case
G(x,y) is the fundamental solution of equation (1)), from (38)-(39) we introduce
the following:
Corollary 1. If the conditions of Theorem 9 are satisfied, there exists a
constant ¢4 (y, n) such that for sufficiently large R

i (caps, (Mpa ) < 6 < er - (capyy (e (1)) (40)
where
cap, (E) = cap(E")(E).
Lemma 9. Lety € I1,1(0). Then for sufficiently large R, the estimate
4

caps, (Mea ) < 15 - R72 - | [0 (R) (41)

holds.

Proof. Introduce the function fi(t),i =1,...,n as follows: fi(t) =1, if
It —yil S R fH) =0, if [t—yl2207'@;0<fiO) <1, fi()e
C*(E,) and
dfl C16

w; (R

uw = [rieo.
i=1

It is clear that u(x) =1 for x € lz.;(y),u(x) =0 for x € lz.,(y),

Let it be

u(x) € Wzlll(En) and
i=1,..,n 42
il < ‘1(R) n (42)
Taking into account (18) and (42), we have
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capy, (HR:1(Y)) <D,,(w) = f Zli(x)uizdx =

HR:Z(y) i=1
n

= Z A ()utdx <
HR:Z(y)\nRzl(y) i=1
< o Ry - mes(ITg (7)) =

= 2"-09-0126-n-R‘2-1_[a)i_1(R).
i=1

Thus, the required estimate (41) is proven.
Lemma 10. Let y € I1 1(y). Then for sufficiently large R, the estimate
4

n
CapLO(HR:l(y)) > cy7(y,n) R7%- l_lwi_l(R) (43)
holds.
Proof. It is clear that [Tz (y) < Ilg.;(y) and
CapLO (HR-1(}’)) = capg, (HR\(J’)) (43)
will replace variables z; = _1(R) i =1,..,n. Then, in this way, Iz (y) will be
compact

- 1
@ = {Z:Z <lzi—yl<1i= 1,---,71}.
Here, 7 represents point y.

Now let u(x) € Wzl,A(D) be an arbitrary function such that u(x) =1 on

[z (y) in the WZ{A(D) sense, and {ti(z) is its image under the coordinate
transformation we made. Taking into account (18), we have

N .p-2. N = e Vo dy —
fZAi(x)uizdeCS R7? f;(wll(R) u;) dx

E, i=1
o [ () [Jrone
i L@ i=1

< cB-R‘Z-nwi_l(R)-f(Aﬁ)zdz.
i=1

From (45), it follows that
capy, (M1 () = capy, (M) =
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n
> cg-R?-P ()| [or'®),
i=1
where P(E) is the wiener capacity of the compact set E. But

P(ﬁ‘(y)) = P({Z:% <z<1li= 1,...,n}> = c1g3(n)

and thus the estimate (43) is proven.
Let's now

p(ry) = ) iz - .
i=1

Theorem 10. If conditions (2)-(4) are satisfied for the coefficients of
operator L, x,y € Qs5(0),x # y, then for sufficiently small §, the following
estimates are valid for the fundamental solution G (x, y)

n -1
3 (n) - (0 ))” - (1_[ wi(p(x, y))) <G(xy) <
i=1

n -1
< c10 (p(x,))" - <1_[ wi(p(x, y))) : (46)
i=1

Proof. Let x, y be located in the ball Q6(0) and x # y. Set
R = max w;(|x; —y:D.
<isn
Then there exists i, 1 < iy < n such that R = w;, (|x;, — ¥;,|). Thus

R < wllx = yil) = pCx,y). (47)
i=1

On the other hand, for 1, then

n
. p(x,y)
p(x,y) = Zwi(lxi —yil) <nR,i.e. R > o (48)
i=1
According to Corollary 1 and Lemmas 9-10, for x € dllg.{ (y) the estimates
-1

C2_01 (V; n) '

R?- w[l(R)‘ <G(x,y) <
]

n -1
R™2. nwi'l(R)] : (49)
i=1

hold. Taking into account (47) and (48) in (49), we arrive at the required estimates
(46).

SCZO.

Theorem 10 is proven.

57



PROCEEDINS OF IAM, V.15, N.1, 2026

Theorem 11. Let G be a region in Ilz.,(0) with boundary points on
0I1.,(0) and intersecting Ilz.; (0). Furthermore, let u(x) be a weak solution of
equation (1) defined in G, which vanishes on dG NnIlg.,(0) in the sense of

WZ%A(D), and let conditions (2)-(4) hold for the coefficients of the operator L.
Then, if R > 1 and Hg = Iz, (0)\G, then

Proof. Let U(x) be the capacitary potential of Hr with respect to I1x.,(0),
M = sup; u(x) and

U(x) = f 9, y)du(y),
Hp
where g(x,y) is the Green's function of equation (1) in I1z.,(0) and wu(x) is
the capacitary distribution of the compact H, with respect to Ilg.,(0). From what
was proven earlier,

u(H) = cap{"™* ) (Hy). (51)
Consider the auxiliary function
W) =M1 —-U(x)) —u(x).
It is clear that W (x) is a weak solution of equation (1) in G. On the part of

dG that lies on 011g.,(0), g(x,y) = 0 in the WZfA(D) sense, i.e.,

W () acang, 0 = M(1 = Ulacnng, ) = 0
and

Wlr=M1-Ulp) = 0.
By the maximum principle, W(x) = 0ingG,i.e. forany x € G,
u(x) <M1 —-U(x))
and, in particular,
sup u(x) < sup u(x)<

GNIg.,1(0) GNIlg.,(0)
_ . (HR:Z(O))
<M|1 oy e11%1f (O)g(x,y) cap; (Hg) |. (52)
XEY
On the other hand,
xyen g(x y) =
x:ty
n -1
> () - (p o y))? (ﬂ SO y”) -9

Furthermore, we have x,y € llz.;(0)andi =1, ...,n
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l2; — yil < x| + il < 20; (R),

n n
p(x,y) = Z w; (|x —yil) < Z wi'(207*R) < 2n-R.
i=1 i=1
From (53), we conclude

inf xX,y) =
nyenR:l(O)g( y)
XEY

-1

> cp3(y,n) - R?- (1_[ wi_l(R)> . (54)
i=1

Substituting (54) into (52), we obtain

sup u(x) <M X
GnnR:l(O)

n -1
x 1—c23-R2-(]_[w;1(R)) cap™* )ty |
i=1

This completes the proof of Theorem 11.

Corollary 2. If the conditions of Theorem 11 are satisfied, then
-1

supu(x) = |1+ ca(y,n) - R? - (1_[ ‘Ui_l(R)> ~capy,(Hg)| X
G b

=1
X sup u(x). (55)
GnnR:l(O)
3. Phragmén-Lindel6f type theorems
Theorem 12. Let u(x) € Wzlj"C(D) be a weak solution of equation (1) in

D,ulsp <0 in the sense of W, (D), and let conditions (2)-(4) hold for the
coefficients of the operator L. Then

1) eitheru(x) <0inD,

2) either
[InR]
Igim M(R)/exp |c(y,n) - Z AP™ x
—00 ~
n _1
nm,m.,(0
X (1_[ a)l-_l(Am)) -capg am:( ))(Hm) >0,
i=1
where

M(R)= sup u(x),A=>2,H™=1,m,(0)\D,m=12,..
DnnR:l(O)
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Proof. Suppose alternative 1) does not hold, then there exists a point x° € D
such that u(x®) > 0. Let m; be the smallest natural number for which x° €
[I4m.1(0) and let

M; = SUPpnr ,; (0) u(x) for i=1,2,..

According to Theorem 11,
1

. _
My, = |1+ ¢y - A% nw]-l(Ai) -capL(nAl:Z(O))(Hi) M; (56)
j=1

Let R > 1 sufficiently large, be m > m, a natural number for which
ﬁAm:l(O) c ﬁ12:1(0) c ﬁAm+1;1(0):

ie.
w; (4™ < wi ' (R) < 0t (A™)
and
A™ < R <A™ (57)
Applying inequality (56) successively, we obtain
M(R) =

m—1 n -1 (l'[ . (0))
> 1_[ 1+ cyy - A% nwj_l(Ai) ccapy T (HY) |- u(x®),
i=my j=1

therefore,

~ / L - (n , (o)) \
> z In| 1+ cy A% nwj‘l(Ai) ~cap, **/(HY) | +
i=mq j=1

+Inu(x?),

M(R) = u(x®) x
-1

m-—1 n
X exp Z In| 1+cy A% nwj'l(Ai) X
i=my j=1

X capEHAi:Z(O)) (HY) |- (58)

It is known that
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CapSHAi:z(0)>(Hi) < cap£ )(HAi:1(O)) <
n

< ¢y, (y,n) - A% 1_[ a)j_l(Ai). (59)
j=1
On the other hand, for t € [0, ¢,5]
In(1 + ¢z t) = cp6(C25,621) * L.
Therefore, from (58), it follows that
-1

m-1 n
M(R) = a - exp|cye - z 421 Hw]ﬂ(Ai) _CapgnAl;Z(o))(Hl') _
j=1

i=m1

-1
=a-exp TZA . Ha)j (A‘) -cap (H)
i=1 j=1

-1

6 [ (M6, ®)
X exp 7 ZAZ‘ nw_l(A‘ -cap, 4% (HY) -

i=1

m-1 n -1
. . RO
~2- izl A2 ,|-=1| i (47) 'cap( )(H) ,  (60)

where a = u(x°).

It is easy to see that alternative 2) only makes sense if
-1

o n

) . i.,(0) )
EAZL . | | wj—l(Al) ) CapEHA 20 )(HL) = o0, (61)
i=1 j=1

Therefore, considering condition (61) to be satisfied, we conclude that for

sufficiently large m (i.e., R)
-1

m—1 n
. . n,;(0) .
z AZl . nwj_l(Al) _CapL( Al 0 )(Hl) >
i=1 j=1
-1

m-—1 n
) ) i.,(0) )
22y a ([ Jart)) e,
i=1 j=1

Thus, from (60), we obtain
M(R) >
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-1
>a- exp Z A% nw_l(A ) -capSnAi:z(O))(H") .(62)

Now, taking into account that according to (57), m — 1 = [InR] — 2. From
(62) and (59), we have

M(R) = a X
[lnR]-2 n -1 ( (0))
X exp 02—6' Z A% ij_l(Ai) - cap Atz (HY)| =
i=1 j=1

[InR] -1

=a-exp|—= Z A2t Hw—l(A ) . CapSHAi;z(o))(Hi) %

[InR] n -1 (l'l ( ))
. . L)
X exp —62—6 Z A% ij_l(A‘) -cap, A2 (Y[ =
i=[inR]-1 j=1

=a- exp(—cz5, 626) X
(InR] -1

x exp |28 C26 ZAZL Hw—1(Al _CaPEHAi;z(O))(Hi)_

Thus, alternative 2) holds with c(y,n) = %

Theorem 12 is proven.

Theorem 13. Let h > 1, Kj-double cone {x:x2 > h? ¥ !x?}, D =
E,\K,. Then, if u(x) € Wzl,/{“(D) is a weak solution of equation (1) in D,
ulsp < 0 in the sense of WZ{A(D), and conditions (2)-(4) are satisfied with respect
to the coefficients of the operator L, then

1) eitheru(x) <0inD,
2) either
lim M(R)/ expn, - [InR]] > 0,
where n, = n,(y,n) .
Proof. LetR > 1,h > 1,x° € D,
My () ={x: |x; = x| <0 (p)i=1,..,n,p=1},

Mg, (x%) = {x: |xl- - xl-0| < wi_l(p),i =1, ...,n}
and Tr_ (x°) < Hg .

4h
We now find an p > 0 such that
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M4 (x%) H:Lhn(xo)'
For this, it is sufficient that the inequality

_ (R
wit(p) = wi?t (E: 1)
holdsfori =1,...,n.
By choosing p = :;h, we ensure the validity of the required inclusion. On the

other hand, from

CaPEHR:Z ©) (H:;hq (x0)> =

R\ 2 - R
> c7(y,m) - (E) ) l_llwi_l (E)
1=
Therefore, form = 1,2,..., we have

capgnAm:z(O))(Hm) = capEHAm:Z(O)) (“Am 1(x0)> =
E:

A2 5 Am
=Cy7° (E) ' 1'_1[(1);1 <4—h> (63)
1=
Applying Theorem 12 now and taking into account (63), we obtain that if
alternative 1) does not hold, then

gim M(R)/
-1
[lnR] A 2m n B Am
exp C(V"”'Z(a) (] Lo (7)) >
i=1 j=1
Am -2 n 1 Am
X €27\ g '1__1[“” an )|~
1=

= lim M(R) / explc(y,n) - cz7 - [InR]] =
= Igi_)_mooM(R)/exp(nl [InR]) > 0.

Thus, Theorem 13 is proven with n; = c(y,n) - ¢y

4. Conclusion

The analogue of the Phragmén—Lindelof principle for the investigated class
of non-uniformly degenerate equations asserts that the behavior of the solution at
infinity is strictly determined by the local characteristic of the ellipticity
degeneracy. Provided that the structural conditions on the weight functions w(x)
are met, any solution with a growth rate below the critical exponential order
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inevitably obeys the maximum principle established for bounded domains.
Furthermore, the loss of uniformity in degeneracy leads to a narrowing of the
uniqueness class compared to the classical case.

10.

11.
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